HOFER-ZEHNDER CAPACITY 
AND HAMILTONIAN CIRCLE ACTIONS 



LEONARDO MACARINI 

Abstract. We introduce the Hofer-Zehnder G-semicapacity c§ z (M, lS) of a sym- 
plectic manifold (M,u>) (or G-sensitive Hofcr-Zchndcr capacity) with respect to a 
subgroup G C 7Ti(M) (chz(M, w) < c^ z (M,ui)) and prove that given a geometri- 
cally bounded symplectic manifold (M, u>) and an open subset N C M admitting 
a Hamiltonian free circle action with order greater than two then N has bounded 
Hofer-Zehnder G-semicapacity, where G C 7Ti(JV) is the subgroup generated by the 
orbits of the action, provided that the index of rationality of [M, uS) is sufficiently 
great (for instance, if [w]| ff2 (M) = 0). 

We give several applications of this result. Using P. Biran's decomposition the- 
orem, we prove the following: let (M 2 ™,0) be a closed Kahler manifold (n > 2) 
with [Q] £ H 2 (M, Z) and E a complex hypersurface representing the Poincare dual 
of fc[Q], for some k £ N. Suppose either that fl vanishes on ^{M) or that k > 2. 
Then there exists a decomposition of M into an open dense subset E such that 
E\Y> has finite Hofer-Zehnder G-semicapacity and an isotropic CW-complex, where 
Gori(£\S) is the subgroup generated by the obvious circle action on the normal 
bundle of E. Moreover, we prove that if (M, E) is subcritical then M \ E has finite 
Hofer-Zehnder G-semicapacity. 

We also show that given a hyperbolic surface M and TM endowed with the 
twisted symplectic form + 7r*f2, where il is the Kahler form on M, then the 
Hofer-Zehnder G-semicapacity of the domain Uk bounded by the hypersurface of 
kinetic energy k minus the zero section Mq is finite if k < 1/2, where G C 7ri(f7fc) 
is the subgroup generated by the fibers of SM. 

Finally, we will consider the problem of the existence of periodic orbits on pre- 
scribed energy levels for magnetic flows. We prove that given any weakly exact mag- 
netic field £1 on any compact Riemannian manifold M then there exists a sequence of 
contractible periodic orbits of energy arbitrarily small, extending a previous result 
of L. Polterovich. 



1. Introduction 

The problem of the existence of periodic orbits for Hamiltonian systems has a 
very far and rich history in the development of Mathematics and Physics. In fact, 
some of the major contributions on this question include the celebrated Poincare- 
Birkhoff theorem on the existence of periodic orbits for area preserving twist maps on 
the annulus and the Morse-Lyusternik-Schnirelman theory on the existence of closed 
geodesies on compact Riemannian manifolds. 
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Recently, a special class of symplectic invariants was introduced by H. Hofer and 
E. Zehnder |22] as a link between rigidity phenomena of symplectic mappings and the 
existence of periodic orbits provided by classical variational methods. More precisely, 
they introduced an axiomatic definition of symplectic capacities in the following way: 

Definition 1.1. Consider the class of all symplectic manifolds {(M,u)} of fixed 
dimension equal to 2n. A symplectic capacity is a map (M, u) \— > c(M, uj) that 
associates to (M, uj) a non negative number or oo and that satisfies the following 
axioms: 

• Monotonicity: if there exists a symplectic embedding (p : (M, uj) — > (N, r) 
then 

c{M,uj) < c{N,t); 

• Conformality: c(M,auj) = \a\c(M,u) Va £ R\ {0}; 

• Non-triviality: c(B 2n (r) , uj ) = c(Z 2n (r) , uj ) = irr 2 , 

where B 2n (r) = {(x, y) £ R 2n ; J27=i x 1 + Vi — r ) * s tne ^ an °^ ra dius r and Z 2n (r) = 
{(x, y) £ M 2ri ; x\ + y\ < r} is the cylinder over the (xi, yi)-plane. 

A distinguished symplectic capacity was introduced by Hofer and Zehnder and is 
directly related to the question of the existence of periodic orbits on prescribed energy 
levels of Hamiltonian flows: 

Definition 1.2. Given a symplectic manifold (M,u), define the Hofer-Zehnder ca- 
pacity of M by 

c-nz(M,u) = sup max if, 

where Ti, a (M,u) is the set of admissible Hamiltonians H defined on M, that is, 

• He H{M,uj) C C°°(M,R), where H(M,uj) is the set of pre- admissible 
Hamiltonians defined on M, that is, H satisfies the following properties: 
< H < m(H) := max if, there exist an open set V C M such that H\y = 
and a compact set K C M \ dM satisfying H\m\k = rn(H); 

• every non-constant periodic orbit of Xh has period greater than 1. 

Intuitively, this capacity measure the sufficient oscillation for a pre-admissible 
Hamiltonian to have fast periodic orbits, that is, of period less than one. It is easy 
to see that it satisfies the monotonicity and conformality properties. Remarkably, by 
making use of classical variational methods, Hofer and Zehnder [22] showed that it 
also satisfies the non-triviality axiom, giving, in particular, a dynamical new proof of 
Gromov's nonsqueezing theorem |17j . 

Moreover, this symplectic invariant has important consequences on the question of 
the existence of periodic orbits on prescribed energy levels of Hamiltonian systems. 
In fact, it is easy to prove that if a symplectic manifold (M,u) has bounded Hofer- 
Zehnder capacity, that is, if chz(U,u) < oo for every open subset U C M with 
compact closure, then given any Hamiltonian H : M — > R with compact energy 
levels, there exists a dense subset S C H(M) such that for every c £ E the energy 
hypersurface H~ l (c) has a periodic solution. 
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This result was improved by M. Struwe in j^Ul showing that if the energy hyper- 
surfaces bound a compact submanifold then £ has total Lebesgue measure. This 
condition is not necessary as was proved recently in Note that as an imme- 

diate consequence we have a proof of the Weinstein conjecture jlHj for manifolds 
with bounded Hofer-Zehnder capacity, since we can construct in a neighborhood of 
a contact hypersurface S a distinguished parametrized family of hypersurfaces with 
equivalent flows. 

Unfortunately, it is, in general, a difficult task to determine when a symplectic 
manifold has bounded Hofer-Zehnder capacity. For (R 2n ,u;o), where u denotes the 
canonical symplectic form, it follows by Hofer-Zehnder theorem (221- For surfaces, 
it was proved by K. Siburg that the Hofer-Zehnder capacity of an open subset 
U coincides with the area of U. However, the situation is dramatically different for 
higher dimensional manifolds. Actually, Hofer and Viterbo showed in j20] that 



where (M,u) is any closed symplectic manifold and D 2 (r) is the two dimensional disk 
of radius r > 0, with r satisfying the condition 7rr 2 < m(M, u), where m(M, uj) is the 
index of rationality of (M,u), that is, 



If the above set is empty, we define m(M,uj) = oo. Recall that a 2-form u on M is 
weakly exact if it is closed and m(M,u) = oo. 

This result was extended by G. Lu [23 I2H] to noncompact symplectic manifolds 
satisfying certain conditions at the infinity. More precisely, he showed that 



provided that (M,u) is geometrically bounded and irr 2 < m(M,u). 

Definition 1.3. A symplectic manifold (M, uo) is called geometrically bounded if there 
exists an almost complex structure J on M and a Riemannian metric g such that 
• J is uniformly cu-tame, that is, there exist positive constants c% and c<i such 



for all tangent vectors v and w to M; 
• the sectional curvature of g is bounded from above and the injectivity radius 
is bounded away from zero. 

The closed symplectic manifolds are clearly geometrically bounded; a product of 
two geometrically bounded symplectic manifolds is also such a manifold. Moreover, 
it was proved in (27] that the cotangent bundle of a compact manifold endowed 
with any twisted symplectic form is geometrically bounded (a proof of this fact can 
also be found in jH]). A twisted symplectic structure on a cotangent bundle T*M 
is a symplectic form given by uj + tt*Q, where ujq is the canonical symplectic form, 
7r : T*M — >• M is the canonical projection and Q is a closed 2-form on M. 



c HZ (M x D 2 (r),uj® cuq) = nr 2 




c HZ (M x D 2 (r), to © lu ) < nr 2 , 



that 



u>(v, Jv) > C\\\v || 2 and \u(v, w)\ < c 2 \\v \\ \\w 
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Thus, using the monotonicity property, we can conclude that (T*(N x S 1 ),^) 
has bounded Hofer-Zehnder capacity, where N is any compact manifold and uq is 
the canonical symplectic form (because we can embed symplectically any bounded 
subset of T*M x T*S 1 into T*M x M 2 ). Actually, by the same reason, we can prove 
that (M x T*^ 1 ,^; © u ) has bounded Hofer-Zehnder capacity for any geometrically 
bounded symplectic manifold M. It should be noted that it is necessary to consider 
product symplectic forms u © u . In fact, there is an example due to Zehnder jHj of 
a symplectic form on T 3 x R ~ T 2 x T*S 1 with unbounded Hofer-Zehnder capacity. 
Note that any symplectic form on T 2 is weakly exact. 

Other known example of cotangent bundle with bounded Hofer-Zehnder capacity 
is T*T n endowed with any twisted symplectic form ujq + tt*Q, where Q is a closed 
2-form on T n and ir : T*T n — > T n is the canonical projection. It was proved by J. 
Jiang (22] for Q = and by V. Ginzburg and E. Kerman ^B] for the general case. 

We will consider here a refinement of the Hofer-Zehnder capacity by considering 
periodic orbits whose homotopy class is contained in a given subgroup G of 7i"i(M). 
More precisely, we define the Hofer-Zehnder semicapacity as follows; it can be com- 
pared with the 7Ti-sensitive Hofer-Zehnder capacity defined by M. Schwarz [3& and 
Lu [27JI2E] and the relative symplectic capacity introduced by P. Biran, L. Polterovich 
and D. Salamon jB]: 

Definition 1.4. Given a symplectic manifold (M,u>) and a subgroup G C tti(M) de- 
fine the Hofer-Zehnder G-semicapacity of M (or G-sensitive Hofer-Zehnder capacity) 
by 

c§ z (M, uj) = sup max if, 

where H°{M, u) is the set of G-admissible Hamiltonians defined on M, that is, 

• He TC(M,u), that is, H is pre-admissible (see definition II. 2J1 : 

• every nonconstant periodic orbit of X H whose homotopy class belongs to G 
has period greater than 1. 

Remark. We call it a semicapacity because given a symplectic embedding ip : 
(N, t) — > (M, u) such that dim N = dim M it cannot be expected, in general, that 
c hz(^> r ) — c h*z G (^) u )> "where ip* : iri(N) — > ni(M) is the induced homomorphism on 
the fundamental group. However, we can state the following weak monotonicity prop- 
erty (for a proof see Section^: given a symplectic embedding tj) : (N,r) — > (M,u) 
such that dimA^ = dimM then 

cf z lH (N,r)<4 z (M,u), 

for every subgroup H C 7Tx(M). In particular, if ip* is injective we have that 
cg z (iV,r)<4* z G (M,^). 

Note that obviously, 

c HZ (M,u) = c^ M) (M,u) < cg z (jW», 
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for every subgroup G C 7i"i(M). Moreover, it can be show that if the Hofer-Zehnder 
G-semicapacity is bounded then there are periodic orbits with homotopy class in G 
on almost all energy levels for every proper Hamiltonian [HI]. A symplectic mani- 
fold (M, uj) has bounded Hofer-Zehnder G-semicapacity if for every open subset with 

compact closure U M, we have that 

c HZ G ( f/ '^) < 00 • 

We remark that the periodic orbits in M x D 2 (r) given by the theorems of Hofer- 
Viterbo and Lu are contractible. Thus, in terms of symplectic semicapacities, their 
theorems state the stronger result that 

4 Z (M x D 2 (r),u® u ) < nr 2 

for any geometrically bounded symplectic manifold (M,u) and < nr 2 < m(M,u). 

By the weak monotonicity property, we can conclude then that (M x T*S l , u@ 

too) is bounded, where tii^S 1 ) C 7Ti(M x T*S l ) is the obvious subgroup generated 
by the circle in the cylinder T*S 1 . In fact, the kernel of the induced homomorphism 
on the fundamental group of the symplectic embedding of M x T*S X into M x R 2 is 
given by ^\{S l ). 

The aim of the first part of this paper is to generalize this result in the following way: 
note that M x T*S X has a natural Hamiltonian free circle action with Hamiltonian 
given by the angle form $ viewed here as a function on TS 1 ~ T*S X . We will consider 
the following: 

Question: Is the existence of a Hamiltonian free circle action sufficient to ensure 
the boundedness of the Hofer-Zehnder semicapacity (with respect to the subgroup of 
7Ti(M) generated by the orbits of the action)? 

Before we state our first result we need a previous topological definition related to 
free circle actions: 

Definition 1.5. Let (p : iV x S 1 — > iV be a free circle action on a connected open 
subset N of a manifold M. We define the order of the action ip as the order of the 
cyclic subgroup of tti(M) generated by the homotopy class of the orbits of (p. 

Now, we are able to state our first theorem. In what follows we will denote the 
oscillation of a Hamiltonian H by \\H || := sup H — inf H. 

Theorem 1.1. Let (M,uj) be a geometrically bounded symplectic manifold and N C 
M a connected open subset that admits a free Hamiltonian circle action if : iV x S 1 — > 
N (with period equal to 2tt) given by the Hamiltonian Hi : iV — >• R. Suppose that the 
order of this action n v (considered as an action on M) satisfies n v > 2. 1 Given an 

open subset U iV with compact closure, suppose that 



m(M,ou) > \\Hi 









\u\\ 




- 2 ) 




n v -2J 



Recently, we removed this technical hypothesis on the order of the action, see |30|. 
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Then, we have that 

4z G «(U,cu)< 2 7 r||F 1 | c/ || + <oo, 

where i* : fti(U) — > fti(N) is the induced homomorphism on the fundamental group 
and G v C TTi(N) is the subgroup generated by the orbits of tp. 

Remarks. 

• Note that the previous theorem cannot be stated directly for N because we 
need to assume that M is geometrically bounded and it not clear that an 
open subset of a geometrically bounded symplectic manifold is geometrically 
bounded. 

• The circle action above needs to be Hamiltonian. In fact, the example of 
Herman-Zehnder |T%1 IHj has unbounded Hofer-Zehnder capacity and it is 
easy to see that it admits a free symplectic circle action with infinite order. 



Before we explain the main ideas involved in the proof of Theorem ll.il let us state 
some corollaries and applications. 

Corollary 1.1. Let (M,u) be a geometrically bounded symplectic manifold. Suppose 
that M admits a free Hamiltonian circle action generated by Hi : M — > R whose 
Euler class [e] 6 H 2 (M / 'S 1 , R) satisfies [eW^M/s 1 ) — 0. Then, for any open subset 

U ■=— > M with compact closure, we have that 

Cft Z Glfi (U,u) < 27r||iii|[/|| < oo, 
provided that m(M,u) > \\Hi\u\\. 

Actually, it can be proved that given a free circle action on a manifold M such 
that the Euler class [e] G H 2 (M/S 1 ,M) satisfies [e]| 7r2 (M/s' 1 ) — then the order of the 
action is infinite (see Section |3J). 

Now, consider the finite subgroup Z n C S 1 . Note that, since the circle action is 
Hamiltonian, the induced action of Z n on M is symplectic. Since the action is free, 
the quotient manifold M/Z n has a induced symplectic structure u n defined uniquely 
by the property that the pullback of u n by the quotient projection is u. Moreover, 
M/Z n has an induced free Hamiltonian circle action (with period 2ir/n) with order 
greater than or equal to n. Consequently, we have the following immediate corollary: 

Corollary 1.2. Let (M,u) be a geometrically bounded symplectic manifold. Suppose 
that M admits a free Hamiltonian circle action generated by Hi : M — > R and let U C 
M be an open subset with compact closure. If n > 3 and m(M,u) > (l/n)\\Hi\u\\, 
then 

Cm Gv (Tn(U),uj) < (27r/n)||tfiM|(l + 2/(n-2)) < oo, 

where r n : M — » M/Z n is the quotient projection, % : r n (U) — > M/Z n is the inclusion, 
to is the induced symplectic form on M/Z n and if is the induced circle action. 
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There are a lot of non-trivial examples of symplectic manifolds admitting such free 
Hamiltonian circle actions. The first one that we will consider is the following: let M 
be a compact manifold admitting a free circle action. Then the lift of this action to 
the cotangent bundle of M is Hamiltonian with respect to the canonical symplectic 
form. In fact, it is Hamiltonian with respect to any twisted symplectic form u>o + 7r*Q, 
where Q is a closed two-form on M given by the pullback of a closed two- form Qm/s 1 
on M/S 1 . Thus, we have the following corollaries: 

Corollary 1.3. Let M be a compact manifold admitting a free circle action tp whose 
Euler class [e] 6 H 2 (M/S l , R) satisfies [eJl^fM/s 1 ) = and Q a weakly exact two- 
form on M given by the pullback of a two-form Qm/s 1 on M/S 1 . Then the cotangent 
bundle (T*M, Uq + 7T*Q) has bounded Hofer-Zehnder G v -semicapacity. 

Corollary 1.4. Let M be a compact manifold such that ^(M) = and P the total 
space of a circle bundle S 1 P — > M. Then (T*P,oo ) has bounded Hofer-Zehnder 
Gp-semicapacity. 

Corollary 1.5. Let M be a compact manifold admitting a free circle action (p. Then 
(T*(M/Z n ), ujq + tt*Q) has bounded Hofer-Zehnder G^-semicapacity for any n > 3 
and any weakly exact 2-form Q = t*Q m / s i, where r n : M/Z n — > M/S 1 is the quotient 
projection. 

It is easy to construct specific non-trivial examples of such circle bundles. For 
instance, the lens spaces S' 3 /Z n (n > 2) over S 2 , the Heisenberg manifold over the 
2-torus and, more generally, any 2-step nilmanifold (22] ■ in fact, it can be proved that 
the group of equivalence classes of circle bundles over a manifold M is isomorphic 
to H 2 (M, Z) j2S]. Thus, any non-trivial element of H 2 (M, Z) for a manifold M such 
that 7r 2 (M) = corresponds to a non-trivial circle bundle with infinite order. The 
Heisenberg manifold, for example, corresponds to the cohomology class of the area 
form on T 2 . 

In the Section HI we show some applications of the Theorem 11.11 where the circle 
action is not a lifted action. We will consider circle actions given by the magnetic 
flow associated to monopoles on surfaces. 

More precisely, let (M, g) be a closed Riemannian manifold, Q a closed 2-form on 
M and TM endowed with the twisted symplectic form ujq + tt*Q, where ujq is the 
pullback of the canonical symplectic form via the Riemannian metric. When M is a 
hyperbolic surface and Q is the area form, this manifold has remarkable properties and 
is related to McDuff 's example of a symplectic manifold with disconnected contact- 
type boundary [32J (see Section HI where we give a simple construction of such a 
manifold). The Hamiltonian flow <ft given by the kinetic energy H (x, v) = (l/2)g x (v, v) 
with respect to ujq + tt*Q is called the magnetic flow generated by the Riemannian 
metric g and the magnetic field Q. 

It can be show that, when M is a surface of constant negative curvature and Q is the 
area form, the magnetic flow defines a free circle action with infinite order on certain 
subsets of TM. Using this fact and the expanding completion of convex manifolds 
developed by Eliashberg and Gromov [11J, we can prove the following theorem: 
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Theorem 1.2. Let M be a surface of genus g > 2 endowed with the hyperbolic metric 
g and the Kahler form Q go . Let H go : TM — > R be the usual Hamiltonian given by the 
kinetic energy H go (x,v) = (l/2)go(v,v) and k G M. a positive real number. Consider 
the open subset Uk = Uo < ^ l< kH go 1 (fi) . Then, 

c^ z (U k ,u + ir*fl go ) < oo, 

as long as < k < 1/2, where G C 7ti(Uk) is the subgroup generated by the fibers of 
the unitary bundle. In particular, the periodic orbits have contractible projection on 
M. On the other hand, we have that c^ z (Uk,uj + n *^g ) = 00 f or every k > 1/2. 

By Moser's theorem, we have the following corollary: 

Corollary 1.6. Let M be a surface of genus g > 2 and Q a symplectic form on M. 
Then there exists a Riemannian metric g on M such that 

Cn Z (f/fc, UJ + 7T*fJ) < oo, 

as long as < k < 1/2, where Uk = Uo <fl< kH~ l ([i) and G C ^i{Uk) is the subgroup 
generated by the fibers of the unitary bundle as above. 

Remark. When M is the 2-torus and Q is a symplectic form, it is well know that 

for every open subset U TT 2 with compact closure. In fact, it is easy to prove that 
(TT 2 ,ujq + 7r*f2) is symplectomorphic to (T 2 x M?,Q © cr), where a is the canonical 
symplectic form on M. 2 J^l- This result can also be obtained by the Theorem ll.il 

Now, we will use Theorem II .11 to show that for closed Kahler manifolds (M, Q) the 
possible obstruction to the boundedness of the Hofer-Zehnder capacity is a very thin 
subset of M which, in many situations, can be explicitly described. 

To prove it, we will need the following nice decomposition result of P. Biran j3] 
which enable us to represent a Kahler manifold as a disjoint union of two basic 
components whose symplectic nature is very standard: 

Theorem 1.3 (P. Biran jH]). Let (M 2n ,Q) be a closed Kahler manifold with [Q] e 
H 2 (M,Z) and E C M a complex hypersurface whose homology class [E] G H2 n -2{M) 
is the Poincare dual to k[Q] for some k G N. Then, there exists an isotropic CW- 
complex A C (M, Q) whose complement - the open dense subset (M \ A, O) - is 
symplectomorphic to a standard symplectic disc bundle (E , ^u can ) modeled on the 
normal bundle o/E in M and whose fibers have area 1/k. 

The symplectic form uo can is given by 

^can = kir*(Q\z) + d(r 2 a), 

where 7r : Eq — > E is the bundle projection, r is the radial coordinate using a Hermitian 
metric || • || and a is a connection form on E such that da = — A;7r*(f2|s). The form 
|a; can is uniquely characterized by the requirements that its restriction to the zero 
section E equals the fibers of 7r : Eq — > E are symplectic and have area 1/k 
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and o; can is invariant under the obvious circle action along the fibers. It is called 
standard because the symplectic type of (E ,u can ) depends only on the symplectic 
type of (E, Qjs) and the topological type of the normal bundle iVs |3j- 

Let us recall that the pair (M, E) is called subcritical if M \ E is a subcritical 
Stein manifold, that is, if there exists a plurisubharmonic Morse function ip on M \ E 
such that index p (ip) < dinicM for every critical point p of <p. It is equivalent to the 
condition that the dimension of A (that is, the maximal dimension of the cells of A) 
is strictly less than n. 

Theorem 1.4. Let (M 2n , ST) be a closed Kdhler manifold (n > 2) with [fi] e H 2 (M, Z) 
and E C M a complex hypersurface whose homology class [E] e if 2n _ 2 (^0 is the 
Poincare dual to k[Q] for some fc G N. Then there exists an open dense subset E of 
M symplectomorphic to a standard symplectic disc bundle over E whose complement 
is an isotropic CW-complex AcM such that if [Sl]\w 2 (M) — then 

cg z (£\E,ft) < 1/k, 

where G C ft\(E \ E) is the subgroup generated by the orbits of the obvious S 1 -action 
on £7 \ E. If |P]|7r 2 (Af) 7^ an d k> 2, we have that 

cg z (£\E,n)<i + 



k k 2 -2k' 

Moreover, if (M, E) is subcritical and [^(^(a/) = 0, then 

4j z G (M\E,fi) < 1/k, 

where M\E. 



Remarks. 

• In jHU] it is proved that the hypothesis that n > 2 and that either [PJIwm) = 
or k > 2 are not necessary to ensure that c^ z (E \ E, Q) is finite. 

• The result above cannot be stated directly for symplectic disk bundles and 
concluded as a property of symplectic disk bundles plus Biran's decomposi- 
tion result because symplectic disk bundles are not geometrically bounded. 
Actually, a fundamental ingredient in the proof of Theorem II .41 is that, by the 
Lefschetz theorem, the circle action on E \ E has the same order considered 
both as an action on E \ E itself and as an action on M \ E (this construction 
is not necessary in [SUl since we do not need there the topological assumption 
on the order of the action). 

• Under the hypothesis that either dim K M < 6 or [fijl^M) = 0, it was proved 
by P. Biran [2| that the Gromov capacity of E satisfies cg(E, Q) < 1/k. These 
assumptions are not necessary as was proved recently by G. Lu j2Hj- 

• The result above for subcritical manifolds was proved by C. Viterbo in |42j . 

• When (M, E) is subcritical we do not consider the case k > 2 because, as was 
proved in |12j . every subcritical polarization has degree 1. 
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We remark that the CW-complex A above is given by the union of the stable 
manifolds of the gradient flow of a plurisubharmonic function ip defined on M \ S 
such that it can be explicitly computed in many examples 

The next theorem shows that we can get a similar result in the neighborhood of a 
symplectic hypersurface of Donaldson type [TUj : 

Theorem 1.5. Let (M 2n ,Q) be a closed symplectic manifold (n > 2) with [Q] £ 
H 2 (M, Z) and £ C M a symplectic hypersurface whose homology class [£] £ Hm-^iM) 
is the Poincare dual to k[Q] for some k £ N. Then there exists ko > 2 such that if 
k > ko there exists an open neighborhood VofY, such that if [Q]\ n2 (M) = then 

4 z {v\E,n)<i/k, 

where G C vr 1 (l / \ S) ; as above, is the subgroup generated by the orbits of the obvious 
S 1 -action onV\T,. If [CI]\^m) 0? we have that 

It is important to remark that an extension of Biran's result for symplectic hyper- 
surfaces considered above (which is generally expected to remains valid) will enable 
us to extend Theorem II .41 for general symplectic manifolds. 

The essential idea in the proof of Theorem 11.11 is to relate the Hofer-Zehnder ca- 
pacity of a symplectic manifold endowed with a Hamiltonian circle action with the 
Hofer-Zehnder capacity of its reduced symplectic manifold (in the sense of Marsden- 
Weinstein) with respect to this action. 

More precisely, we consider the diagonal Hamiltonian circle action on P := M x 
T*^ 1 whose reduced symplectic manifold (J~ 1 (fi)/S 1 ,o~^) is given by (M,uj). Then, 
given a pre-admissible Hamiltonian H £ H.(U,uj) we construct a ^-invariant pre- 
admissible Hamiltonian H on P whose reduced dynamics is given by a reparametriza- 
tion of the Hamiltonian vector field of H on M. Thus, we can apply the results of 
Hofer-Viterbo and Lu to get a periodic orbit for and so, by reduction, a periodic 
orbit for Xh- The essential step is to show the non-triviality of the projected closed 
orbit and it is here that the hypothesis on the order of the action plays an essential 
role. The idea is to use the condition on the homotopy of the periodic orbit together 
with an upper bound on the period of the orbit to ensure that the orbit cannot be 
tangent to the trajectories of the diagonal action. 

In the second part of this paper, we will consider the problem of the existence of 
periodic orbits on prescribed energy levels for a special class of Hamiltonian dynamical 
systems given by the magnetic flows. This problem was first considered by V. Arnold 
PI |2] and S. Novikov jMj and for a discussion of the results in this area we refer to 

pun. 

It was proved by L. Polterovich that for every nontrivial weakly exact magnetic 
field on a manifold whose Euler characteristic vanishes, there exist non-trivial con- 
tractible closed orbits of the magnetic flow in a sequence of arbitrarily small energy 
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levels. The proof uses the geometry of the Hofer's metric in the group of Hamiltonian 
diffeomorphisms and the fundamental fact that the displacement energy of the zero 
section of TM, with respect to the twisted symplectic form given by a non-vanishing 
magnetic field, is equal to zero. Recently, E. Kerman |21j gives the same result for 
magnetic fields given by symplectic forms. In [3U| we proved the existence of con- 
tractible closed orbits for almost all low energy levels, provided that the magnetic 
field is also symplectic. 

We will prove here an extension of Polterovich's theorem for any manifold, without 
the assumption on the Euler characteristic. 

Theorem 1.6. Let M be any closed Riemannian manifold and Q a non-trivial weakly 
exact magnetic field. Then there exists a sequence of arbitrarily small energy levels 
containing non-trivial contractible periodic orbits. 

The main idea in the proof is similar to that of Theorem 11.11 In fact , we consider 
a lift of the magnetic flow to T*M x T*S 1 and use the topological condition on the 
periodic orbit to ensure the non-triviality of the projected periodic orbit by symplectic 
reduction. The details are given in the Section [7| 

Acknowledgements: I am very grateful to Gabriel Paternain for many helpful 
comments and suggestions and to the Centro de Investigation en Matematica, Gua- 
najuato, Mexico for the hospitality while part of this work was in progress. I am also 
grateful to Kai Cieliebak, Dusa McDuff and Felix Schlenk for very useful comments. 

2. Proof of Theorem 11.11 

Before we begin the proof of Theorem 11.11 we need some auxiliary results. 

Proposition 2.1. Let (M,uj) be a geometrically bounded symplectic manifold and 
P := M x T* S 1 endowed with the symplectic form ojp := to © Uq , where is the 
canonical symplectic form onT*S 1 . Let U C P be an open subset with compact closure 
and suppose that m(M,uj) > | J^^lUq | ; where r 2 : P — > T*S X is the projection 
onto the second factor. Then given a Hamiltonian H G 7i(U,ujp), there exists a 
nonconstant periodic orbit 7 of Xh with period 



T < T max {U } H) :- 



It 2 (U) ^0 



m(H) 

Moreover, the homotopy class [7] 0/7 belongs to the subgroup vr 1 (S' 1 ) C 71"! (P). 

Proof. Since U is compact, there exists a positive constant a > such that t 2 (U) C 
S 1 x [—a/2, a/2] C T'/S 1 . Let uq be the canonical symplectic form on IR 2 and consider 
the symplectomorphism (f> : S 1 x [—a, a] — > A := {(x, y) G IR 2 ; a < x 2 + y 2 < 5a} 
given by 

0(0, r) = ( V3a + 2r sin 6, V3a + 2r cos 6) . 

Note that Ker(ld,0)* = n^S 1 ), where (7d,0), : m(T*M x^x [-a, a]) ~ 7Ti(T*P) -> 
7Ti(T*M x M 2 ) ~ 7Ti(T*M) is the homomorphism induced on the fundamental group 
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by the transformation given by the identity and (f) in the first and second factors 
respectively. 

Now, notice that it is sufficient to prove the Proposition for an open subset U' such 
that U C U' and 



Jt 2 (u') Jt 2 (u) 



< e, 



for e > arbitrarily small. 

Thus, we can suppose, without loss of generality, that 0(t 2 (£/)) C I 2 is a connected 
two-dimensional compact submanifold with boundary, such that there exists an open 
disk of radius R with L distinct points (0 < L < oo) jjj e B 2 (R) and an orientation 
preserving diffeomorphism 

ii:<P(T 2 (U))^B 2 (R)\{ yi ,...,y L } 

such that 

/ uj = u = ttR 2 . 

H{r 2 {U)) JB2(R)\{ yi ,...,y L } 

From a theorem of Dacorogna and Moser (see Lemma 2.2 in this ip can be 
required to be symplectic. Thus, consider the Hamiltonian H : M x B 2 (R) — > R 
given by 

m(H) if y = yj for some j = 1, L 
H(x, 4>~ l il)~ l y) otherwise 

which is obviously C°°, since H\u\k = m(H), where K C U is a compact subset such 
that K C U \ dU. 

By Theorem C of j2Z], Xg has a contractible periodic orbit 7 with period 



H(x,y) 



T < 



irR 2 



f<t>(T 2 (u)) w °l _ I L 



T 2 [fJ) U 



m(H) m(H) m(H) 

Finally, note that, by the remark above, the periodic orbit 7 of Xh given by 
7 = (Id,ip 0) _1 7 has homotopy class [7] contained in iii(S 1 ) C vri(-P), since 7 is 
contractible. □ 

Lemma 2.1. If ip : (M\,U\) — > (M 2 ,UJ2) is a symplectic embedding, then 

c^ 1( ^ G) (M 1 ,o; 1 )<4f(M 2) a; 2 ) ) 
where G C 7Ti(Mi) zs a subgroup of the fundamental group of M\. 
Proof. Define the map V* : H(Mi, uj\) -> C°°(M 2 ) by 

/ (H)=f H ° ll '~ 1 W iixe ^ M ^ 
V * [ ' \m(H) if x^V(Mi). 

It is clear that V*(W(Mi,u;i)) C W(^(Mi), w 2 ) and that m(?p*H) = m(H). 

Then it is sufficient to prove that ^(nf 1{ ^ G) (M 1: m)) C Hf G {il){Mi), lu 2 ). To 
do it, suppose, by contradiction, that there exists if G 7Ya* (Mi,a;i) such that 
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X^ H has a nonconstant periodic orbit 7 such that [7] 6 ip*G and the period of 7 
is less than 1. Then the image of 7 by ip~ l (note that the image of 7 is contained 
in ip(Mi), since i])*H = m(H) outside %fj{Mi)) is a periodic orbit of X^l of the same 
period and 

a contradiction. □ 
Proof of Theorem \l.l\ We will divide the proof in three steps: 

2.1. Construction of a reparametrized diagonal circle action ponAfx T*S X 
and its symplectic reduction. Let P = N x T*S 1 C M x T*^ 1 , where M x T*^ 1 
is endowed with the symplectic form ujp = u © Uq , where Uq is the canonical 
symplectic form on T*^ 1 . Note that T*S 1 has a natural Hamiltonian circle action 
given by the Hamiltonian = /i . Let nGMbe such that n > 2||if 1 |[/||/(n v — 2) 

and m(M, u>) > \\Hi\u\\ + n. 

Consider the diagonal action p : P x S 1 — > P on P given by the Hamiltonian 

J(x,9,fj.) = (l/n)(H 1 (x)+ t i) 
and let ijj : P — > P be the diffeomorphism given by 

^(x, 0, //) = 0, yU - i^l(x)), 

where <p : N x S 1 — > iV is the flow generated by The factor n is not important 
in this section and it will be used only in the next section in the construction of a 
p-invariant pre-admissible Hamiltonian from H. 

The following lemma is a straightforward computation. 

Lemma 2.2. The diffeomorphism ip is a symplectomorphism with respect to u P . 
Moreover, J 01/j — (l/n)$. 

Proof. It is clear that ip*J = In effect, 

J&{x,6,ri) = {l/nXH^cpeix)) + fx - H x {x)) 
= {l/n){H 1 {x)-H 1 {x)+p) 
= (l/n)/i. 

To show that %p*ujp = u p, it is more convenient to write ip as 

V>0) = <p$( z )(z) - Hi(z)Y, 

where 9 : P — ► 5 1 is the projection onto the circle and y is the unit vector field 
tangent to the fibers of T*^ 1 such that 3>(Y) = 1. Consequently, 
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where X Hl is the Hamiltonian vector field generated by Hi and ir 2 d6 is the pullback 
of the angle form d6 on S* 1 to P. Thus, 

(ip*ujp) z (^r]) = (u P ) f{z) (d'if;(z)^,dip(z)r]) 

= uj P ((dip) e(z) (z)£, (dtp) e{z) (z)rj) +ujp((dip) e{z) (z)£,Ti*d6(ri)X Hl (ip e{z) (z))) 
-ujp((dip) e{z) (z)t,dHi(z)r]Y(ip e{z) (z))) + u)p(-K* 2 d6(t)X Hl (tp e{z) (z)), (dip) e{z) (z)r}) 
+ u> P (n 2 d9(£)X Hl ((p e ( z) (z)),n 2 d9(r})X Hl ((p e{z) (z))) 

- u P (7r%d6(£)X Hl (ip e(z) (z)),dHi(z)riY(ip 0{z) (z))) 

- LUp(dHi(z)^Y((p e{z) (z)), (d(p) e{z) (z)r]) - (j P (dHi(z)£Y((p e{z) (z)),ir 2 d9(r})X Hl ((p e{z) (z))) 
+ cup(dHi(z)ZY((p e{z) (z)), dHi(z)r]Y((fg {z) (z))). 

But note that 

wp(7r 2 *d0(O^H 1 (^ W (^)),7r 2 *d0(77)X Hl (^ w ( 2; ))) = 

and 

upidHiiz^Yiipe^iz^idHiiz^Yiipewiz))) = 0, 
since the vectors are colinear. On the other hand, 

u;p(7r 2 *^(0^ 1 (^)(^)),^i(^)^(^(.)(^))) = 

and 

w P (dffi(z)ey(^ W (^)),7r^0(77)XH 1 (^ W (^))) = 0, 
because the vectors are orthogonal with respect to the product decomposition P = 
M xT*S l and by the definition of up. 
We have then that, 

(ip*ujp) z (£,ri) = ujp((dip) e(z) (z)£, (dip) 6{z) (z)ri) + uj P ((dip) 6{z) (z)£,^d6(ri)X Hl (ip e(z) (z))) 

- vp((dtp) e ( z )(z)Z,dHi(z)rjY(<pe( z )(z))) + (v P (7r 2 d9(£)X Hl (ip e{z) (z)), (d(p) e(z) (z)r]) 

- u P (dHi(z)£Y(ip e(z) (z)), (dip) e(z) (z)ri) = 

= (up)z(Z,v) + Kld6(r])(i XHi ^ e{z){z)) u)(d V e(z)(z)£) - dHi(z)r)(i Y ( Ve(z) (z))u)(d(p e{z) (z)t) 

+ ^lde{C){ix Hl ^ e(z) {z))^){dip e{z) {z)r}) - dHi(z)^(i Y{tpe{z) ( z ))u;)(dipe {z )(z)r]), 

where the last equality follows from the fact that (p^up — ujp. Now, note that 

n*d6(r))(ix Hl & e(z) (z))u)(d(p e{z) (z){,) = -K* 2 d9(rj)dHi(z% 

because ix Hl ujp = dHi and ip*dHi = dHi. On the other hand, we have that 

dHi(z)ri(i Y ^ 0(z) ( z ))Uj)(dip e(z) (z)£) = dHi(z)r)it* 2 d9(t), 

because iyiop = 7r 2 d9 and (p*7r 2 d9 = ir 2 d9 (note that n 2 d9 here is the pullback of the 
angle form dO on S* 1 to P). Consequently, 

(ip*ujp) z (£,ri) = (ujp)z(£,r]) + 

+ n*d9(r})dHi(z)$, - dHi(z)rin* 2 d6(t) + ^d9(^)dHi(z)rj - dHi{z)^* 2 d9{rj) 

= w z (Z,ri), 

as desired. □ 
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Lemma 2.3. The Mars den- Weinstein reduced symplectic space at J is given by 
N with the reduced symplectic form equal to u for every /i£R. 

Proof. We claim that the quotient projection 7r M : J _1 (/i) — > N is given by m o 
where tti : P — > N is the projection onto the first factor. In effect, note 
that, by the previous lemma, ip sends the orbits of Xj to the orbits of X^/ n ^. On 
the other hand, it\ is the quotient projection at = ip~ 1 ( J 1 ^)) with 

respect to the trivial circle bundle given by the orbits of 
To show that is equal to u, note that 

= (V' _1 )*«((l/r i )$)-l(M) 7r l a; 
= (V ,-1 )*«((l/n)$)-l( / ,)^P 

= ^(((l/n)*)- 1 ^))^ 
= ij- 1 (fi)^p, 

where the third equality follows from the fact that ip*u)p = up. □ 

2.2. Construction of a p-invariant pre-admissible Hamiltonian if on NxT*S l 
from if. In view of the last lemma, consider the map rt : P — » iV defined by 

7T = 7Ti O 

such that tt\j-iu) = vr M is the quotient projection. Now, let if be a pre-admissible 
Hamiltonian on U. We will construct from if a p-invariant Hamiltonian defined on 
P. Firstly, fix a sufficiently small constant 5 > satisfying 

n>(2 + 25) llHM - . 

Define the new Hamiltonian by 

if (z) = (if + a(J{z))(m(H) - H))(n(z)), 

where a : K — > K is a C 00 function such that < a < 1, a(p) = 1 Vp ^ (5, 1 — 5), 
a([i) = v> G (~ - 5, ~ + 5) and |a'(^)| < 2 + 25 for every p G [0, 1] (see figure EJ). 

Thus, H\j- Hfl) is the lift of if „ := if + a(ji) (m(if ) — if) = (1 - a (//))# + a{fi)m{H) 
by the quotient projection 7r M . 

The first obvious property of if is that m(if) = m(if). In effect, m(ff) = 
sup MeM m(if + a(p)(m(ff) — if)) = m(H), since < a < 1 and a(/x) = 1 Vp ^ 

(5,1-5). 

It is easy to see that if G 7i(U,u) where U is given by (see figure |2J) 

U s 1 ^)- 

0</i<l 

In effect, it is clear that < if < m(H). Moreover, if = where V is the subset 
of P given by (J±-<5< M <i+<5 % 1 (^0 an d ^ C M is an open set such that ff|y = 
(that exists because if G 7Y(C7, w)) since a(/i) =0 Vp G (| — 5, ~ + 5). Note that the 
interior of is not empty. 
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Figure 1. Graph of the function a. 



On the other hand, H = m(H) outside the compact set K = U<5< At <i-5 % c 
U \ dU, where K C U\ dU is the compact set such that H\u\k = m(H). 

2.3. Existence of a non-trivial periodic orbit of Xh given by the reduction 
of a periodic orbit of Xg. Let us now prove that there exists a periodic orbit 7 
of X H of period less than 27r(||ifi|[/|| + n)/m(H) and homotopy class [7] G G^. Note 
firstly that 



73(10 



27T{\\H 1 \ u \\+n). 



In effect, the image of U U </ -1 (0) under the projection N x S 1 x M. ^ N x M. is 
the graph of —Hi restricted to U and the projection of U U is the graph of 

n - Hi\u\ 




$ _1 (n) 



Figure 2. The subset U. 



Reduced dynamics of Xq: 
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Note that = (1 — a(n))H + a(fi)m(H) has the Hamiltonian vector field with 
respect to to given by X H = (1 — a(fi))X H . Thus, the reduced dynamics of X H 
at J _1 (/i) is a reparametrization of the dynamics of Xjj. Since < a(fi) < 1, the 
nonconstant periodic orbits of Xh^ have period greater than or equal to those of Xh- 

Consequently, by the Lemma \2. 31 it is sufficient to show that the periodic orbit of 
H given by the Proposition 12. II is not tangent to a fiber given by the action of ip (such 
that it is projected onto a singularity of Xh)- 

Non-triviality of the projected orbit: 

Suppose that there exists a periodic orbit 7 : [0, T] — > U of X H tangent to an orbit 
of p and whose homotopy class belongs to 7r 1 (S' 1 ) C ttx(P). We will show that the 
period T of 7 is strictly greater than T max ([7, H) (see Proposition 12. 

Firstly, note that 



T max (U , H) 



! T2 0)^\ 27r(||tfi| t/ || + n) 



m(H) m{H) 

Now, let W be an almost complex structure on P compatible with up and (■, ■) 
ujp(W-, ■) be the corresponding Riemannian metric. We have that along 7, 



X h ~ { X hi ijxTp ^ Xj - 



On the other hand, the period of the orbits of Xj is equal to 27m because the action 
on M is free. Consequently, since [7] G tti^S 1 ), the projection 71"! 07 must wrap around 
itself at least n v times. Hence, 7 also must wrap around itself at least times and 
so the period of 7 is given by 

2-nnn t „ 

But, by the definition of n, 



27mry 2tt(2 + 2£)(||ffi| c/ || + n) 

~ \(x~ Xj \\ > \(X~ Xj )\ 

\\^H> \\Xj\\ 2 / I \\^H> ||X.j|| 2 /l 

Actually, note that the inequality 

2imn v > 2tt(2 + 2(J)(||fT 1 | I /|| + n) 

is equivalent to 

2nn(n v - (2 + 25)) > 2tt(2 + 2S)\\H 1 \ U \\, 

that is, 

n>(2 + 26) l]HM - , 
v ! n v - (2 + 25)' 

which is exactly the condition on n and 5. Thus, it is sufficient to prove that 

Xj 



Is 



ll Xj ||2 



< (2 + 25)m(H), 
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which implies 



T > 



27r(||# 1 | £/ ||+n) 



To conclude this inequality, note that 

Xj 



X 



H> |, X ||2 



m{H) 



/ - VJ 

v H -ww 



dH 



VJ 
IVJII 



where in the second equation we used the fact that W defines an isometry. On the 
other hand, we have that for every £ G T Z P, 

dH{z)£ = dH(n(z))dn(z)£ + m(H)a'(J(z))dJ(z)£ - H(n(z))a'(J(z))dJ(z)£ 

- a(J(z))dH(n(z))dn(z)£ 

= (m(H) -Ho n{z))a'{J{z))dJ{z)£ + (1 - a( J(z)))dH(n(z))dn(z)£. 

But note that, since 7 is tangent to a fiber, it is projected onto a singularity of Xh, 
that is, dH(jt(z)) = for every z G 7. Consequently, we have that 



X, 



h> n x 112 



VJ 



|vjp 

= (m(#) -iJoff(x))|a , (J(^))| 
< (2 + 25)m(#), 

as desired. 

Finally, note that the periodic orbit 7 of Xfj given by the Proposition 12. II satisfies 
[7] G 717 (S 1 ). Consequently, the corresponding reduced periodic orbit 7 satisfies 
[7] G since (t^)*^^ 1 ) = G v . 

Thus, we obtain the estimate 



"HZ 



, (Z7,o;)<27r(||ir 1 y+n). 



But, since n is arbitrarily close to 2\\H 



J* 1 G V 
-HZ 



1 1 ; 11/ (n^, — 2), we conclude that 
2 



(U,u) < 27r||fli|^|| 1 + 



ritp — 2 



□ 



3. Proof of Corollary 11.11 



The proof of Corollary 11.11 follows immediately from the Theorem 11.11 and the 
following useful proposition: 



Proposition 3.1. Let S 



1 f 



P 



7Tp 



M be a principal circle bundle whose Euler 



class [Q] G H 2 (M, M.) satisfies [fi]\n 2 (M) = 0. Then <p has infinite order. 
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Proof. Initially, note that [^^(m) = iff r M [Q] = 0, where r M : M — M the 
universal cover. In effect, it is clear that if r M £l is exact, then [fi]|^- 2 (M) = 0. To 
prove the converse, note that, by the Hurewicz's theorem, we have that H 2 (M,Z) ~ 
^(M) ~ 7r 2 (M). Thus, the condition that Q is weakly exact is equivalent that the 
integral of rjj^[fi] over any 2-cycle is equal to zero. But, by de Rham's theorem, it is 
equivalent to t m Q be exact. 

Now, suppose that the action tp has finite order. Consider the lift Ip of tp to the 
universal cover P of P. 

Claim 1. P/lp = M, where P/lp is the quotient of P by the action tp and M is the 
universal cover of M. 

To prove the claim, note that, since the fiber is path connected, P/tp is simply 
connected. Thus, it is sufficient to prove that P/lp covers M. Now, observe that 

M = P/T P /tp, 

where Tp is the group of deck transformations on P. On the other hand, Ip commutes 
with the action of Tp, since it is a lifted action from P. Consequently, it induces an 
action of a discrete group T M on P/lp such that 

M = P/Tp/tp = P/lp/TM, 

proving the claim. 

Claim 2. The following diagram is commutative: 

P P 

TTp 

M — M 

In fact, note that 

tip o Tp : P — > P/Tp/ip 

and 

T M O TTp : P -> P/lp/T M . 
But, as remarked above, Ip o ^ P = ^ P o Ip \/^ P e Tp and Tm is the induced action on 
P/lp = M such that Tip o r P = t m o up. 

Claim 3. the Euler class of S — ^ P — ^ M is given by [r^fi], where f2 is the 
curvature form of S* 1 P — ^ M . 

In effect, let a be a connection form of tp. Then rpa is a connection for tp and 

(irpQ; = rpda 

= TpTlpVl 
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Thus, if rl^Vt is exact, we have that S 1 P M defines a trivial circle bundle, 
contradicting the fact that P is simply connected. □ 

4. Proof of Theorem 11.21 

Let M be a surface of genus g > 2 endowed with a Riemannian metric g of constant 
negative curvature. Let TM be the tangent bundle of M with the symplectic form 
u given by the pullback of the canonical symplectic form of T*M by the bundle 
isomorphism induced by g. 

Consider on M the almost complex structure J such that Q — g(J-, •) is the Kahler 
form. As defined in the introduction, the magnetic flow associated to g and Q is the 
Hamiltonian flow given by the kinetic energy H(x,v) = (l/2)g x (v,v) with respect 
to the twisted symplectic form uj\ := ujq + ir*Q. It is easy to see that a curve t i— > 
(t(£),7(X)) defines an orbit of this flow if and only if V-y(t)7(£) = J(j(t)). In other 
words, the trajectories are the curves with constant geodesic curvature. 

Consequently, the dynamics of this magnetic flow can be explicitly described: on the 
energy levels greater than one half, the magnetic flow is topologically equivalent to the 
geodesic flow (which has periodic orbits in every nontrivial homotopy class and does 
not have projected contractible periodic orbits, because there is no conjugate points); 
on the sphere bundle, it coincides with the horocycle flow and hence is minimal, that 
is, all the orbits are dense; and on the energy levels below than one half, all the orbits 
are closed and homotopic to the fibers of the sphere bundle. 

In particular, it defines (after a suitable reparametrization) a Hamiltonian circle 
action with infinite order on U1/2 (since ^(M) = 0) such that we can apply Theorem 
11.11 The problem is the condition on TM \ Mq to be geometrically bounded. To 
circumvent this problem we need the following proposition: 

Proposition 4.1. Given e > there exists an exact geometrically bounded symplectic 
form p e on TM \ M such that p t restricted to {TM \ M ) \ U e coincides with uj\. 

Proof. The proof relies on the method of expanding completion of convex manifolds 
introduced by Eliashberg and Gromov |TI|. Firstly, we need the following key lemma 
which has intrinsic interest: 

Lemma 4.1. The vector field X on TM\M given by (with respect to the horizontal 
and vertical subbundles) 

is conformally symplectic with respect to iO\, that is, Lx^\ = (jJ\- 

Proof. To fix the notation, let uo(^,r]) = (n^, Kr]) — (K£,tt*T]), where K is the 
curvature map, be the pullback of the canonical symplectic form of T*M by the 
Riemannian metric and 7r*fi(^,r]) = ( J7r*£, Tr*r)). Define Xi(x,v) = ((l/||t>|| 2 ) Jv, 0) 
and X 2 (x,v) = (0, (1 — l/||i;|| 2 )i;). Consider the Liouville form 
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P(*,v)(Z) = {Jv,KZ). 

Note that da = —uj and d((l/||w|| 2 )/9) = 7r*f2, where the last equality follows from 
the fact that (l/||w|| 2 )/9 defines a connection form on iJ _1 ((l/2)||w|| 2 ) and that M is 
a hyperbolic surface. 

Let us compute the Lie derivative of lo\ = u + 7t*fl with respect to X ± . Initially, 
we have that, 

i(jv,o)Ui(0 = (Jv,K£) - (u,7r*0 
= P — a 



such that 



But, we have that 



= d{(3-a). 

n*n = d((l/\\v\\ 2 )(3) 

1 2 

d(3 - 77— rr^dv A 13. 



Consequently, 
Thus, 



lull 2 |M' 3 



dp = \\v\\\*n+ TT-rrdv A P. 



2 

d(i(j„ ; o)^i) = ujq + \\v \\ 2 n*Q + jj — pprfx^ A P 



and so 



1 2 2 

d(i{i/\\v\\ 2 )(Jv,o)Vi) = jpp uj + 7r*f2 + -n—rr^dv A P - ip TT^dv A i(j„, )<^i 



Mr IMI M, 

1 2 2 

+ tt*^ + 7i — rr^dv Ap- j-^dv A(P-a) 

Ml IMI IMI 

1 2 

— —u Q + + — —dv A a. 

\v\\ M 



On the other hand, the Lie derivative of u;i with respect to X 2 is given by 

d(2(o,(i-(i/|MI 2 ))i>)^i) = + H^p") 

1 2 , 

= ujq - 77-^^0 - ir^dv A a 

IMI IMI 

since 

1 

^(0,(1-(1/|M| 2 ))d)^1 = — OL + ir-r^Ot- 
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Consequently, we have that 

L x u)i = d(i x wi) 

= d{i Xl+ x 2 Ui) 

= — —u + Tl*Q + 
\\ v \\ 

= UJ + 7T*f2 
= LUl. 

□ 

Remark. The previous lemma shows that the symplectic manifold 

( |J H~ 1 (fi),uJi 

^ a</t<6 

has disconnected contact-type boundary for any < a < 1/2 < b. It can be compared 
with McDuff's example [32] . 

It was proved in [HI Elj that the tangent bundle of a compact manifold endowed 
with any twisted symplectic form is geometrically bounded. Thus, consider the almost 
complex structure J on TM such that g(-, •) = u>\(J-, ■) defines a Riemannian metric 
with bounded sectional curvature and positive injectivity radius. 

By the previous lemma, given any e > sufficiently small, the subset M e := 
(TM\M )\U t has contact type boundary, that is, its boundary is convex in the sense 
of Eliashberg-Gromov Thus, we can consider the set N e := M t U dM e x [0, oo) 
(that we can identify with TM \ Mo) and a symplectic form p e on N e such that p e 
coincides with cui on M e and the vector field d/dt is an extension of X to dM € x [0, oo) 
(that is, —d/dt coincides with —X on dM e ) such that Lg/dtPt = p e - Note that p e is 
exact, since iO\ on M e is exact and p e restricted to 8M £ x [0, oo) is obviously exact. 

Consider now the almost complex structure J e on N e given by J\m c on M e and by 
the pushforward dipt ° J ° dip-t of J by the flow if of d/dt on dM € x [0, oo). By the 
construction, J e is invariant by ip on dM t x [0, oo). 

Define g t (-, •) = p e (J e -,-). By our previous discussion, we have that g e defines a 
geometrically bounded Riemannian metric on M e . We need to prove that it also 
defines a geometrically bounded Riemannian metric on dM e x [0, oo). 

But, we have that ip* t p e = p t , that is, 

(Pe)(x,t) = e*(^),(p e )( x>0 ). 

Consequently, since J e is invariant by ip on (9M e x [0, oo), we obtain that 

(&)(*,*) = e*(^)*(^e)(x,o)- 
Thus, the sectional curvature ^(^(f , w) of ^ e on (x,t) is given by 

e^K^^^dtp-tv, dip-tw) 



1 2 , 

rcw A a + uoq — uj — ,.„ dv A a 
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and the injectivity radius i(N £ , (x,t)) is greater than or equal to 

eH{N e ,{x,0)). 

But, g e has bounded sectional curvature and positive injectivity radius on M e , proving 
the proposition. □ 

Proof of Theorem M.OA - By our previous discussion, the magnetic flow restricted to 
an energy level k > 1/2 is topologically conjugated to the geodesic flow such that it 
has no projected contractible periodic orbits. Consequently, we have that 

Ch Z (£4,^i) = oo 

for every k > 1/2. 

On the other hand, we have that for energies k < 1/2 the (reparametrized) magnetic 
flow defines a free Hamiltonian circle action (of period 1) on Uk of infinite order on 
TM \ Mq. By the previous proposition, given e > sufficiently small, there exists a 
geometrically bounded symplectic form p e on (TM \ Mq) that coincides with uj\ on 
(TM \ Mq) \ U t . Thus, by Theorem 11.11 we have that for every 5 > there exists a 
finite constant C > such that, for every e > sufficiently small, 

4 z {U 1/2 _ 6 \U e ,U!) = 4 z {U 1/2 „ s \U e ,p e ) < c. 

But, 

c Hz( U l/2S, £*>l) = SUp Ck Z (U 1/2 ~6 \ U e ,Ui) < C. 
0<e<l/2 

□ 



5. Proof of Theorem 11.41 

Before we give the proof of Theorem 11.41 we need some previous lemmas. The first 
one can be derived by the arguments in the proof of Proposition 14.11 and the fact 
M \ E has a convex boundary. However, for the reader's convenience we present an 
independent proof using the structure of Stein manifolds: 

Lemma 5.1. Given a neighborhood U of E ; there exists an exact geometrically 
bounded symplectic form p on M \ E such that p coincides with Q on the comple- 
ment of U. 

Proof. Note that E can be obtained as the zero set of a holomorphic section s : M — » L 
of a complex line bundle defined by the divisor E. It can be show that the function 
: M \ E -> R given by 

^) = - i ^log(||^)|| 2 ) 

is plurisubharmonic jlj. The next lemma proved in j3] shows that we can construct a 
new plurisubharmonic function on M \ E that coincides with tp on M \ U and whose 
gradient vector field is complete. 
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Lemma 5.2 (Lemma (3.1) of Biran-Cieliebak j^j). Let (V, J, <p) be a Stein manifold. 
Then for every R G R there exists an exhausting plurisubharmonic function ifR : V — ► 
R TOt/j £/ie following properties: 

1. <Pr = <p on V^r := {x G V; ip(x) < R}; 

2. the gradient vector field of <Pr is complete; 

3. Crit((pn) = Crit(ip) and for every p G Crit(ipR), indeXp(ipR) = index p ((p). 
In particular, the inclusion (V,p<R,u) v ) (V,u VR ) is a symplectic embedding. 

Now, let R > be sufficiently great and consider the Riemannian metric gtp R (-, •) = 
u<p R (J-, ■), where u ipR = d(J*dip R ). 

Since M is closed, we have that g tpR defines a geometrically bounded Riemannian 
metric on V v <r, that is, the sectional curvature of g lfiR restricted to V v <r is bounded 
from above and the injectivity radius is positive. We need to prove that it also defines 
a geometrically bounded Riemannian metric on all M \ E. 

Given x G (M \ E) \ V^<r, there exists y G dV 9 <R such that X* (y) = x for some 
t > 0, where X* is the gradient flow of ifR with respect to g^. But, we have that 
ipffivR = e t VL lf)R) that is, 

{% a )(x,t) = e'(y^)*(^J(x,o)- 
Consequently, since the complex structure J is invariant by -X"* we obtain that 

{9<p R )(.x,t) = e (<Pt)*(3wW)- 
Thus, the sectional curvature /^^(i; , io) of on (x,t) is given by 

e^K^o^dcp-tV , d<p_ 4 w) 

and the injectivity radius i(iV e , (x,t)) is greater than or equal to 

e^(iV e ,(a;,0)). 

But, g lflR has bounded sectional curvature and positive injectivity radius on V v <r, 
proving that fl !fR is geometrically bounded. 

Finally, define p = Q, !PR for R > sufficiently large. □ 

Lemma 5.3 (Lemma (3.2) of Biran-Cieliebak j^J). Suppose that M is subcritical and 
let U C M \ E be an open subset with compact closure. Let p be a geometrically 
bounded symplectic form on M \ E given by the Lemma I5.il Then there exists a 
symplectomorphism isotopic to the identity ip : (M \ E,p) — > (M \ E,p) snc/i £/ia£ 
7/;(?7)nA = 0. 

Proof. Remember that the isotropic CW-complex A is given by the union of the stable 
manifolds of the gradient vector field X^ of a certain plurisubharmonic function <p 
with a complete gradient flow such that d(J*dip) = p jSJ- 

Since M is subcritical, we have that dim A < | dim^ M and so there exists a 
Hamiltonian isotopy k t : (M\E, p) — * (M\E, p) compactly supported in an arbitrarily 
small neighborhood of A such that fei(A) D A = 0. Since A is compact, there exists 
a neighborhood V of A such that ki(V) fl V = 0. 
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Fix T so large that X T {U) C V. Since k\ moves V away from itself, we have that 

xJofc 1 oX/(f/)nA = 0, 

because leaves (M \ E) \ A invariant. Since X^ is conformally symplectic, we 
have that 

i, = Xlok l oX~ T 

is the desired symplectomorphism. □ 

Proof of Theorem \1.4\ By Theorem 11.31 there exists an isotropic CW-complex A C 
M (given by the union of the stale manifolds of the gradient vector field associated 
to a plurisubharmonic function defined on M \ E) whose complement E := M \ A is 
symplectomorphic to a standard symplectic disc bundle (E , |u; can ) over E modeled 
on the normal bundle iVs of E in M, where 

^can = kTT*(Q\ E ) + d(r 2 a). 

Moreover, this symplectomorphism F : (E, Q) — > (E , ^a; can ) sends E to the zero 
section of E . 

Note that (E \ E, ^ C an) has an obvious Hamiltonian free circle action (of period 
27r) generated by the Hamiltonian Hq(x) = (l/27r/c)||x|| 2 such that H\ = Hqo F also 
generates a Hamiltonian free circle action on (E \ E, Q). 

By the Lefschetz theorem |7], we have that the inclusion % : H^ l {r) — >• M \ E 
induces an injective map on the fundamental group such that the order of the circle 
action on£\EcM\Sis equal to the order of the circle action X^ can generated by 
H on E \ E. 

Since the Chern class of £"0 is given by we have that if [P]wm) = then, 

by the Proposition 13.11 and the Lefschetz theorem, the order of the action generated 
by Hi is infinite. 

On the other hand, the order of the action is always grater than or equal to k. In 
effect, note that the S^-bundle S 1 — >• H^ir) — > E is equivalent to the quotient by 
Zfc of a S^-bundle S 1 — > P — > E with Euler class [fts] such that the subgroup of 
iti(Hi (r)) generated by the orbits of the action has order greater than or equal to 
k. 

Let p e be the exact geometrically bounded symplectic form on M \ E given by the 
Lemma lo~Tl that coincides with Q on the complement M\U e of a tubular neighborhood 
of radius e of E. Note that (E \ S,p e ) also has a Hamiltonian free circle action that 
coincides with Xf^ onM\(7 { . 

Now, let U ^ E \ E be an open subset with compact closure and e > sufficiently 
small such that U C E \ U e . Then, by the Theorem II .H we have that if [f^-WAn — 
then, 

c^ G (U,Q) = 4z G (U, Pe ) < 2^11^1^11 < 27r||tf 1 U|| = l/k. 

where G C iii(E \ E) ~ 7ri(M \ E) is the subgroup generated by the homotopy class 
of the orbits of X%. On the other hand, if [fi] TO (Af) ari d k > 2 we have the 
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inequality 

ChZ G (U, Q) = C l £z G (U, Pe)<l+ k2 2 _2k ' 

Finally, suppose that (M, E) is subcritical and let U ^ M \ E be an open subset 
with compact closure and e > sufficiently small such that U C M \U e . Then, 
by the Lemma 15. H| there exists a symplectomorphism isotopic to the identity tp : 
(M \ E, p e ) ->• (M \ E, p e ) such that i(U) n A = 0. Take e > sufficiently small such 
that t/>(?7) C M\U e . Thus, by the weak monotonicity property, we conclude that 

* lG (u,n) = 4z G (u, Pe ) = c^ lG G nz ^(u),p e ) < i/k. 

□ 



C HZ 



6. Proof of Theorem 11.51 

Proof of Theorem M.R The proof of Theorem 11.51 is very similar to the proof of The- 
orem ^31 but instead of complex hypersurfaces we consider symplectic hypersurfaces 
of Donaldson type [H] . 

In fact, by the symplectic neighborhood theorem, there exists a neighborhood V 
of E and a symplectomorphism F : (V, fi) — > (W, uj can ) between (V, fl) and a neigh- 
borhood W of the zero section of the canonical disc bundle (E , ^uj CSun ), where 

^can = /c7T*(fi| E ) + d{r 2 Ot). 

Moreover, F sends S to the zero section of Eq. 

We will need the following lemma which generalizes the Lemma 15.11 when the 
complement of E may not be a Stein manifold: 

Lemma 6.1. Given a neighborhood U of E ; there exists a geometrically bounded 
symplectic form p on M \ E such that p coincides with Q on the complement of U . 

Proof. Note that 

{l/k)u cw = 7r*(ft| s ) + (l/k)d(r 2 a) = d(((l/k)r 2 - l)a). 

Consequently, we have that the vector field 

x = (1 ! k ]fr l a r 

(l/fe)2r 

is conformally symplectic with respect to u CSun . 

Now, notice that X point towards the interior of the compact domains bounded 
by the hypersurfaces r = constant, that is, the subset E e := E \U e has a convex 
boundary in the sense of Eliashberg-Gromov [TT] . where U t = {x G E ; H (x) < e} 
and Hq{x) is the radial coordinate of x. 

Thus, we can consider the set N t := E e U dE e x [0, oo) and a symplectic form p e 
on N e such that p e coincides with oj can on E e and the vector field d r is a complete 
extension of X to dE e x [0, oo) (that is, — d r coincides with —X on dE e ) such that 

LdrPe = Pe- 
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Now, we can proceed as in the proof of Proposition 14. II to conclude that g e (-, •) : = 
p e (J e -,-) defines a geometrically bounded Riemannian metric on N e . □ 

In what follows we will repeat many arguments of the proof of Theorem 11.41 

Note that (W \ E, ^ C an) has an obvious Hamiltonian free circle action (of period 
27r) generated by the Hamiltonian H (x) = (l/27r/c)||x|| 2 such that Hi = H o F also 
generates a Hamiltonian free circle action on (V \ E, Q). 

By the Lefschetz theorem for symplectic hypersurfaces of Donaldson type |lUj . 
there exists k > such that if k > k then the inclusion i : H^ir) — > M \ E induces 
an injective map on the fundamental group and so the order of the circle action on 
V\EcM\Eis equal to the order of the circle action X^ n generated by Hq on 
W\H. Let k > 2. 

Since the Chern class of E is given by we have that, as in the proof of 

Theorem II A[ if [f2],r 2 (M) — then the order of the action generated by Hi is infinite. 
On the other hand, the order of the action is always grater than or equal to k. 

Let p e be the geometrically bounded symplectic form on M\E given by the Lemma 
16.11 that coincides with Q on the complement M \ U e of a tubular neighborhood of 
radius e of E. 

Note that (M \ E,p e ) is weakly exact, because p e is exact on V \ E and, by the 
Lefschetz theorem, the inclusion V \ E <^-> M \ E induces a sobrejective application 

7T 2 (V\E) ^7T 2 (M\E). 

Now, let U V \ E be a relative compact open subset and e > sufficiently small 
such that U C V \ U e . Then, by the Theorem II .![ we have that if [f2] 7r2 (M) = then, 

c^ G (U,Q) = 4z G (U, Pe ) < 2n\\Hi\u\\ < 2tt\\H 1 \ e \\ = l/k. 

where G C 7Ti(V \ E) is the subgroup generated by the homotopy class of the orbits 
of Xjj . Analogously, if [fi] T2 (Af) 7^ and k > k > 2 we have the inequality 

□ 

7. Proof of Theorem 11.61 

A diffeomorphism of a symplectic manifold (M, to) is called Hamiltonian if it is given 
by the time one map of a time-dependent Hamiltonian vector field. Let Ham(M, ui) be 
the group of Hamiltonian diffeomorphisms of (M,u). It was discovered by Hofer JH] 
that this group carries a natural biinvariant Finsler metric with a non-degenerate dis- 
tance function. This distance is defined as follows. The Lie algebra A of Ham(M,uj) 
consists of all smooth functions on M satisfying a normalization condition which en- 
sures that, when M is open, F e A iff F has compact support, and, when M is 
closed, F G A iff F has zero mean with respect to the volume form induced by uj. 
The adjoint action of Ham(M, u) on A is the standard action of diffeomorphisms on 
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functions. Consider the L°°-norm in A 



F 



max F — min F 

M M 



This norm is invariant under the adjoint action, and thus defines a biinvariant Finsler 
metric on Ham(M,u>). Now, let {7*}, t £ [0,1], a path of Hamiltonian diffeomor- 
phisms, that is, a curve 7 : [0,1] — > Ham(M,uj). Let F(x,t) be its normalized 
Hamiltonian function, that is, F(-,t) £ .4. for all £. We define then the length of this 
curve by 



where the infimum is taken over all paths 7 which join <f> and ■0. 

For a subset U of M define the displacement energy e(LQ as the measure of the 
distance between the identity map and the set of ip £ Ham(M,uj) which displaces U 
from itself, in the sense that ip{U) fl U 0. 

Using the geometry of the Hofer's metric and that, for a manifold whose Euler 
characteristic vanishes, the displacement energy of the zero section of T*M, with the 
twisted symplectic form given by a non-vanishing magnetic field, is equal to zero, 
Polterovich [3H] proved the following theorem: 

Theorem 7.1 (Polterovich [SH]). Let M be a closed manifold whose Euler character- 
istic vanishes and Q a non-vanishing weakly exact magnetic field. Then there exist 
contractible magnetic closed orbits on a sequence of arbitrarily small energy levels. 

The idea of the proof is the following |3Ej: take a smooth function r(x), x £ [0, 00), 
which equals x — 2e on [0, e], vanishes on [3e, 00) and is strictly increasing on [0, 3e). 
Thus, the closed orbits of the (normalized) Hamiltonian F = r o H corresponds to 
reparametrized magnetic periodic orbits whose energy is less than 3e. The key point 
is that the minimum set of F coincides with the zero section of T*M and so its 
displacement energy vanishes jSZj- It implies that the asymptotic non-minimality of 
F is strictly less than 1 and thus that F (as a vector in the Lie algebra A) does not 
generate a minimal geodesic in Ham(M, u) (US] . Then, using a result of Lalonde and 
McDuff j2H], we conclude that the Hamiltonian F has a non-constant contractible 
closed orbit, since Q is weakly exact. 

Remark. It should be noted that the contractibility of the periodic orbits given by 
Lalonde and McDuff follows by the fact that the proof of Theorem 5.4 of relies on 
the Hofer-Zehnder capacity-area inequality (Theorem 1.17 of [25]) proved by Floer, 
Hofer and Viterbo [T3], where the periodic orbits are contractible (see [33]). 

Proof of Theorem \l.b\ Consider the trivial S^-bundle S 1 — ► P = M x S 1 — * M, 
the flat connection dd and the product metric g — (, ). Let Qp be the pullback of the 
magnetic field Q to P. The lifted circle action to TP is Hamiltonian with respect to 



^0 

The Hofer's metric is then defined by 

pO,^) 




inf/ (7) 
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the twisted symplectic form 07 = uj + tt p Q p , where ir P : TP — > P is the canonical 
projection. In fact, let X the vector field on TP that generates the circle action. 
Then, 

where above is viewed as a function in TP. Moreover, the form d9 is invariant by 
the magnetic flow of TP, because taking a magnetic orbit 7 in P, we have that 

1 'd6(i)= 1 '{ 1 ',X) 

= (7 ,/ ,X) + ( 7 , ,V y X) 

= tfp(Y),*> 

= fi P ( 7 ',X) 

= fi(7T* 7 ', 7T„X) = 0, 

where Y P denotes the Lorentz force of the magnetic field £l P (defined as the bundle 
map Y : TP — > TP uniquely characterized by the property that (Q P ) x (v,w) = 
9x(Y x (v),w) \/v,w G T X P) and in the third equation we used the fact that X is 
parallel. 

Thus, the magnetic flow on TP is equivariant with respect to the Hamiltonian lifted 
action of S* 1 to TP. On the other hand, it is easy to see that the Marsden-Weinstein 
reduced symplectic manifold with respect to the circle action on (TP,ui) is given by 
(TM,cuo + 7r* M n). 

Moreover, the pullback of the Hamiltonian metric H g in TM by d/K^-i^ is given 
by Hg\ d Q-i(^ — ||£| 2 . Consequently, the reduced dynamics of the magnetic flow <p P of 
P on dO^ 1 ^) is given by the magnetic flow 4> M on M. 

Now, suppose that Q is weakly exact. Since P is the product, the fibers of P 
are non-contractible and, in fact, the subgroup generated by the fibers in 717 (P) is 
isomorphic to Z. Since the Euler characteristic of P vanishes and n*Q is weakly exact 
(because 7r 2 (M x S 1 ) ~ 7r 2 (M)), we can apply Polterovich's theorem to conclude that 
0p has contractible closed orbits 7„ of arbitrarily small energy. Since the subgroup in 
717 (P) generated by the fibers of P is cyclic infinite, these orbits cannot be given by 
the fibers. This ensures that they are projected on non-constant contractible periodic 
orbits of 4> M - Finally, note that the energy of these projected orbits is equal to 

^(Tn)-^ir-^o 

where £ n = dQ(^' n ) ? 0, because ||7^||g — > as n grows to infinite. □ 
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